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Answer all the questions.

1	 Find the quotient and the remainder when x x x4 8 5 12
3 2+ - +  is divided by x2 1

2 + .  [3]

2	 Use integration to find the exact value of ( )cos dx x9 6 42

16
1

8
1

-
r

r

; . [5]

3	 Given that siny x x y2
1

5
2+ + = , find an expression for d

d
x
y

 in terms of x and y. [5]

4	 Find the exact value of ln d
x

x x1
3

1

8= , giving your answer in the form lnA B2+ , where A and B are constants

	 to be found. [5]

5	 The vector equations of two lines are as follows.

: rL s
1

4

5

2

1

3

= + -

J

L

K
KK

J

L

K
KK

N

P

O
OO

N

P

O
OO   : rM t

3

2

5

5

3

1

=
-
+ -

J
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K
KK

J

L

K
KK

N

P

O
OO

N

P

O
OO

	 (i)	 Show that the lines L and M meet, and find the coordinates of the point of intersection. [4]

	 (ii)	 Show that the line L can also be represented by the equation r u
7

1

14

4

2

6

= +
-

-

J

L

K
KK

J

L

K
KK

N

P

O
OO

N

P

O
OO. [2]

6	 Use the substitution u x 22= -  to find d
x

x x x
2

6 4
2

3

-

+c

e
dd . [6]

7	 Given that the binomial expansion of ( )kx1 n+  is x x1 6 30
2 f- + +  , find the values of n and k. State the set 

of values of x for which this expansion is valid. [6]
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8	 The points A and B have position vectors relative to the origin O given by

sin

cosOA
3

2

1

a

a=
-

J

L

K
KK

N

P

O
OO  and  

cos

sinBO
2

4

3

a

a=

J

L

K
KK

N

P

O
OO ,

	 where ° °0 901 1a . It is given that OA  and BO  are perpendicular.

	 (i)	 Calculate the two possible values of a. [5]

	 (ii)	 Calculate the area of triangle OAB for the smaller value of a from part (i). [4]

9	 A curve has parametric equations cosx t1= - , sin siny t t2= , for t0 G G r .

	 (i)	 Find the coordinates of the points where the curve meets the x-axis. [3]

	 (ii)	 Show that 
d

d
cos cosx

y t t2 2 2
2= + . Hence find, in an exact form, the coordinates of the stationary

 
points. [7]

	 (iii)	 Find the cartesian equation of the curve. Give your answer in the form y = f(x), where f(x) is a 
polynomial. [3]

	 (iv)	 Sketch the curve. [2]

10	 (i)	 Express 
( ) ( )x x

x x
1 4

16 5 2
2

2

+ +
+ -  in partial fractions. [5]

	 (ii)	 It is given that

( ) ( )

( )

d

d

x
y

x x
x x y
1 4

16 5 2
2

2

=
+ +

+ -

	 	 and that y
256

1=  when x = 0. Find the exact value of y when x = 2. Give your answer in the form Aen.
 [7]

END	OF	QUESTION	PAPER
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Question Answer Marks Guidance 
1    

2x seen in quotient and 4x3 + 2x seen in division  
 
8x2 + kx [+ 12] seen in division 
 
2x + 4 seen and  −7x + 8 seen isw 
 
 

 
B1 
 
M1 
 
A1 
 
[3] 

 
 
 
NB k = ‒7 
 
 

 
if B0M0, B2 for quotient is 2x  
+ 4 or for remainder is −7x +8; 
B3 for both of these 
 
ignore wrong labelling 

2    
cos8x seen in integrand 
 
F[ ] sin8x Ax B x �  oe 
 

3F[ ] 6 sin 8
8

x x x �  

 
1 1F[ ] [ ]
8 16

FS S�  

 
3 3
8 8
S �  oe 

 
 
 

 
M1 
 
M1* 
 
 
A1 
 
 
M1*dep 
 
 
A1 
 
[5] 
 
 
 
 
 
 
 
 
 

 
 
 
A and B are non-zero constants 

 
 
 
 
 
 
 
 
 
 
 
 
allow eg 0.375π + 0.375 or 
fractions not in lowest terms 
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Question Answer Marks Guidance 
3 
 

  d2
d
yy
x

 

 
dsin 2 2 cos 2
d
yx y x
x
�  

 

2

d d1sin 2 2 cos 2 2 0
d d
y yx y x y
x xx
� � �   

 

2

d 1(sin 2 2 ) 2 cos 2
d
yx y y x
x x

�  �  oe 

 
2

2
d 1 2 cos 2[ ]
d (sin 2 2 )
y x y x
x x y x

�
 

�
 oe isw 

 

 
B1 
 
 
M1 
 
 
A1 
 
 
 
M1  
 
 
A1 
 
[5] 

 
from differentiation of y2 

 
 
correct use of Product Rule 
 
 
 
 
 
 
collection of like terms on separate 
sides, need not be factorised 

eg 
2d 2 cos 2[ ]

d (sin 2 2 )
y x y x
x x y

� �
 

�
 

 
 
 
allow sign error or one incorrect 
coefficient 
 
 
 
 
 
must be two terms in d

d
y
x

 

 
A0 for eg y = … 
 

4   2 2
3 3 1ln dAx x Bx x

x
� u³  oe 

 
 

2 2
3 33 3 1ln d

2 2
x x x x

x
� u³  

 
2 2
3 3

33 2F[ ] ln
22

3
x x x x �  

 
F[8] – F[1] 
 

2718ln 2
4

�  cao 

  

 
M1* 
 
 
 
A1 
 
 
 
A1 
 
 
M1*dep 
 
 
A1 
 
[5]   

 
A and B are non-zero constants; 
 
 
 
ignore + c 
 
 
 
ignore limits for first three marks 
 
 
and also dependent on integration of 

their 
1
33

2
x
�

 

 
 
 
 

NB
2 1
3 33 3ln d

2 2
x x x x

�
� ³  

Allow both marks if dx omitted 
 
 
 
 
 
 
 

NB A0 for 276ln8
4

�   
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Question Answer Marks Guidance 
5 (i)  3 + 5t = 1 + 2s 

2 – 3t = 4 – s 
−5 + t = 5 + 3s 
 
t = −2 and s = −4 
 
substitution of their s and t in other equation to obtain  
eg ‒ 7 = ‒ 7 oe (1st or 3rd equation) or eg 8 = 8 oe (2nd equation) 
 
lines meet at (−7, 8, −7) 

 
M1 
 
 
A1 
 
B1 
 
 
A1 
 
[4] 

 
attempt to solve any two of these 
simultaneously to obtain a value of 
s or t 
 
 
may be embedded, 
 eg −5 + −2 = 5 + 3 × ‒ 4 
 
allow in vector form 

 
 
 
 
 
 
B0 if any subsequent arithmetic 
errors seen 
eg −5 + −2 = 5 + 3 × ‒ 4  
so 7 = −7 

5 (ii)   
4 2

2 2 1
6 3

�§ · § ·
¨ ¸ ¨ ¸ � �¨ ¸ ¨ ¸
¨ ¸ ¨ ¸�© ¹ © ¹

 oe  seen 

 
 
common point identified and justified eg by substitution of 

correct value of s or u eg s = 3 or eg u = 3
2

   

 
 
Alternatively 
 
substitution of eg s = 3 ‒ 2u 
 

and completion to 
7 4

r 1 2
14 6

u
�§ · § ·

¨ ¸ ¨ ¸ �¨ ¸ ¨ ¸
¨ ¸ ¨ ¸�© ¹ © ¹

  

 
 
B1 
 
 
 
 
B1 
 
 
[2] 
 
 
 
B1 
 
 
 
B1 
 
[2] 
 
 

do not allow eg 
 

4 2
2 1 2
6 3

�§ · § ·
¨ ¸ ¨ ¸y �  �¨ ¸ ¨ ¸
¨ ¸ ¨ ¸�© ¹ © ¹

 

 
 
 
 
 
 

or eg u = 3 1
2 2

s �   

 

and completion to 
1 2

r 4 1
5 3

u
§ · § ·
¨ ¸ ¨ ¸ � �¨ ¸ ¨ ¸
¨ ¸ ¨ ¸
© ¹ © ¹

 

 

or 
7 1 6
1 4 3

14 5 9

§ · § · § ·
¨ ¸ ¨ ¸ ¨ ¸�  �¨ ¸ ¨ ¸ ¨ ¸
¨ ¸ ¨ ¸ ¨ ¸
© ¹ © ¹ © ¹

 

 
2

3 1
3

§ ·
¨ ¸ �¨ ¸
¨ ¸
© ¹

 

 
 
or 
 
show one pair of equations 
consistent 
 
 
 
show another pair consistent 
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Question Answer Marks Guidance 
6   d 2

d
u x
x
  oe or  � �

1
2d 1 2

d 2
x u
u

� r oe 

 
2 3 26 4 6 4 or better from replacing d  NB 
2 2 2

Ax B x x xx
x

� � �
   

 
substitution of x2 = u ± 2 or x = (u ± 2)½ in numerator 
 
 

> @3 8( ) du u
u
�

³ oe 

 
3 1
2 23 8

3 1
2 2

u u
� oe 

 
3 1

2 22 22( 2) 16( 2)x x c� � � �   cao 
 
 

 
M1 
 
 
M1 
 
 
M1 
 
 
 
A1 
 
 
 
A1 
 
 
 
 
A1 
 
 
[6] 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
NB 

3 1
2 23( 2) 2 or 3(u+2) 2( 2)u u� � � �  

 
 
3( 2) 2u

u
� �  or better 

 

or 
3 31

2 2 26 16 4u u u� �  from 
integration by parts 
 
 
 
allow  
 2(x2 ‒ 2)½ (x2 + 6) + c 
for final mark, A0 if du not seen at 
some stage in the integral 
 
 

 
 
 

or substitution of 
1

2( 2)x u r   

in denominator from d
d

x
u

  

 
 
 
 
 
 
 
 
 
 
 
 
 
must see constant of integration 
here or in previous line and 
coefficients must be simplified 
for final A1 
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Question Answer Marks Guidance 
7   nk = −6  soi 

 
2( 1) 30

2!
n n k�

 soi 

 
 

substitution of 6 6 60 or  or k=
( 1)

n k
k n n n

 r  r r
�

 oe to 

eliminate one variable from their equations 
 
n = −1.5 oe 
 
 
k = 4 
 

expansion is valid for 1 1 1 or 
4 4 4

x x� � � �  isw 

B1 
 
 
B1 
 
 
 
M1 
 
 
 
A1 
 
 
A1 
 
 
B1FT 
 
[6] 

allow nkx = −6x and /or  
2

2 2( 1) 30
2!

n n k x x�
  for first two 

marks 
 
 
allow omission of brackets  
 
 
 

eg allow 6
4

�   

 
 
 
 
 
FT their k  

 
 
 
 
NB 

2

( 1) 36 30 oe
2

n n
n

� u
 

u
 

26 6( )( 1) 60 oek
k k

�
� �   

8 (i)   
3sin 2 cos 2 cos 4sin 1 3

6sin cos 8sin cos 3 0 soi

D D D D

D D D D

u � u � � u

� �   

substitution of sinα cosα = ½ sin 2α oe 
 
 
α =  awrt 12.7°  
 
α =  awrt 77.3° 

 
M1 
 
A1 
 
 
 
M1 
 
 
A1 
 
A1 
 
 
[5] 

 
 
 
 
 
 
 
NB 7sin 2α = 3 
 
 
awrt 0.221 
 
awrt 1.35 

 
allow one sign error or one 
coefficient error for M1 
 
 
 
 
or squaring both sides and  
correct substitution from 
Pythagoras 
 
 
if A0A0, SC1 for 13° and 77° 
or 0.22 and 1.4 



4724 Mark Scheme June 2016 

12 

Question Answer Marks Guidance 
8 (ii)   

their α = 12.7° substituted in  and ;  or in  and OA OB OA OB   

 
2 2 2 2 2 2(3sin ) (2cos ) ( 1)  or (2cos ) (4sin ) 3D D D D� � � � �  

 
  

2 2 2 21 9sin 4cos 1 4cos 16sin 9
2

D D D D� � � �  

 
 
awrt 4.22 

 
M1 
 
 
M1* 
 
 
 
 
M1*dep 
 
 
 
A1 
 
[4] 

 
 
 
allow omission of brackets, one slip 
in arithmetic and one sign error;  
 
 
may be implied by numerical value 
for lengths; allow one sign or 
coefficient error 
α may be unspecified or any acute 
angle for these method marks 
 

NB 
0.6589.. 1.9511..
1.9511..  and 0.8785..

1 3

§ · § ·
¨ ¸ ¨ ¸
¨ ¸ ¨ ¸
¨ ¸ ¨ ¸�© ¹ © ¹

  

 
 
 
 
NB √5.241..= 2.289… and 
√13.579.. = 3.685… 
 
NB hypotenuse is 4.34 and other 
angles in triangle are  
58.2° and 31.8° 

9 (i)   
sintsin2t = 0 oe seen 
 
(0, 0) (1, 0) and (2, 0) or x = 0, x = 1, x = 2 cao 

 
M1 
 
A2 
 
[3] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
A1 for two of three correct 
 
   

 
NB t = 0, ½π, π 
 
deduct 1 mark if all three  
correct plus extra values 
 
if A0, allow  
SC1 for t = 0, ½π, π 
 
if unsupported, full marks for  
all three values correct 
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Question Answer Marks Guidance 
9 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(ii) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 d 2sin cos2 cos sin 2
d
y t t t t
t

ª º  �« »¬ ¼
 

 
 

 (2sin cos2 cos sin 2 )
sin

t t t t
t
� or 

2 3(4sin cos 2sin )
sin

t t t
t
�  

 
substitution of sin2t = 2sint cost in their  
 
(2sin cos2 cos sin 2 )

sin
t t t t

t
�  and completion to 

 
22cos2 2cost t�  www    NB AG 

 
 
eg 2(2cos2t – 1) + 2cos2t = 0 or 2 cos2t + 2×½(1 + cos2t) = 0 
 
 

1 4(1 , )
3 3 3

�
�  oe  isw 

 
 

1 4(1 , )
3 3 3

� oe isw 

 
B1 
 
 
 
M1 
 
 
M1 
 
 
 
 
A1 
 
 
 
M1 
 
 
 
A1 
 
 
A1 
 
[7] 
 
 
 
 
 
 
 
 

 
or 4sintcos2t ‒ 2sin3t 
 
 
 
allow sign errors and/or one 
incorrect coefficient 
 
may be seen before differentiation 
 
 
 
at least one correct intermediate step 
needed 
 
 
use of double angle formula to 
obtain quadratic equation in eg cost 
or linear equation in cos2t; may be 
seen before differentiation 
 
 
 
 
if A0, A0, allow A1 for both x 
values correct 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
mark intent: allow sign error, 
bracket error, omission of one 
coefficient 
 
 

eg 3 3 4 3( , )
3 9
�

�  
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Question Answer Marks Guidance 
9 
 
 
 
 

(iii)   
y = 2(1 – cos2t)cost oe  
 
may be implicit equation, may be implied by partial substitution 
for cost 

eg (1 – x)2 + 1
2cos

y
t
    

 

y = 2(1 – (1 – x)2)( 1- x) 
 
 
 
 
 
 
 
y = 2x3 – 6x2 + 4x or y= 2x (x2 – 3x + 2) or y = 2x(x ‒ 1)(x ‒ 2) 
oe cao 

 
M1 
 
 
 
 
 
 
 
 
M1 
 
 
 
 
 
 
 
A1 
 
 
[3] 

or 2d 6cos 2
d
y t
x
 �  

 
 
 
 
 
 
 

or 2d 6(1 ) 2
d
y x
x
 � �  

 

 

 
integration and substitution of eg  
(0, 0) to obtain correct answer 
must see y = at some stage for A1 

use of double angle formula  
(and Pythagoras) to obtain 

expression for y or d
d

y
x

in terms of 

cost only; 
 
 
 
 
substitution of cost = ±1 ± x to 
obtain expression in terms of x 
only 
 
allow sign errors, bracket errors 
or minor slips in arithmetic eg 
omission of 2 for these method 
marks 
 
 
 

9 (iv)   
cubic with two turning points and of correct orientation through 
(0, 0) 
 
x-intercepts correct and only for 0 ≤ x ≤ 2  
 
 

 
M1 
 
 
A1 
 
[2] 
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Question Answer Marks Guidance 
10 (i)  

2( 4) ( 1) ( 1)
A B C

x x x
� �

� � �
 

 
2 2[16 5 2 ] ( 1) ( 1)( 4) ( 4)x x A x B x x C x� �  � � � � � �  

 
A = −4 
 
C = 3 
 
B = 2  isw 
 
 
 

B1 
 
 
 
M1 
 
A1 
 
A1 
 
A1 
 
 
 
 
[5] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
NB 
36 = ‒ 9A 
 
9 = 3C 
 
 ‒ 2 = A + B, 5 = 2A + 5B + C 
16 = A + 4B + 4C 
 

NB 2
4 2 3

( 4) ( 1) ( 1)x x x
�

� �
� � �

 

 

 
may be awarded later 
 
 
allow sign errors only 
 
if B0M0, allow SC3 for  

2

2 5 4
( 1) 4

x
x x
�

�
� �
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Question Answer Marks Guidance 
10 (ii)  2

2
d 16 5 2 d

( 1) ( 4)
y x x x
y x x

� �
 

� �³ ³  

 
 

2
3 2 4+

( 1) ( 4)( 1) x xx
�

� ��
seen in RHS, may be embedded 

 
3 2ln( 1) 4ln( 4)
1

x x c
x
�

� � � � �
�  

 
 
 
 

1ln( ) 3 2ln1 4ln 4
256

c � � � �  

 
 
 
 
 
c = 3 cao 
 
 
 
 

3ln 2 ln(2 1) 4 ln(2 4) 3
2 1

y �
 � � � � �

�  

2

144
ey   oe 

 

 
B1 
 
 
 
M1* 
 
 
 
A1FT 
 
 
 
 
 
 
M1*dep 
 
 
 
 
 
 
A1 
 
 
 
 
M1*dep 
 
 
A1 
 

[7] 

 
separation of variables 
 
 
 
FT their partial fractions if two or 
three terms; ignore LHS 
 
 
FT their non-zero 3, 2 and 4; allow 
recovery from x + 12  in 
denominator; 
if brackets in log terms omitted, 
allow A1 if recovery seen in 
substitution  
 

substitution of x = 0 and 1
256

y   ; 

allow if error in manipulation 
following integration;  
 
 

or A = e‒3 from 
3 2
1

4

( 1)
( 4)

x xy Ae
x

�
� �

 
�

  

 
 
 
 
substitution of x = 2; 
dependent on award of previous 
M1M1 and numerical value found 
for c 

allow omission of integral  
signs; 
allow omission of dy or dx but 
not both 
 
may be implied by correct 
integration of two of their terms 
 
 
 
allow omission of + c here 
 
 
 
 
 
 
+ c must be included and LHS 
must be correctly obtained 
 
 
 
 
 
 
 
 
 
 
 
allow M1 if substitution  
follows incorrect manipulation  
eg to find expression for y 

 


